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Abstract

This paper concerns properties of (n+2)-dimensional n-Lie algebras, and shows
the classification of six-dimensional 4-Lie algebras over an algebraically closed
field of characteristic zero.

PACS numbers: 02.20.Sv, 02.10.Hh
Mathematics Subject Classification: 17B05, 17D99

1. Introduction

The study of n-Lie algebras has developed a new chapter in the study of Lie theory, attracting
many researchers in different areas due largely to the close connections between n-Lie algebras
and dynamics, geometries as well as string theory. In the 1970s, describing the simultaneous
classical dynamics of three particles as a preliminary step towards a quantum statistic for
the quark model, Nambu generalized the Poisson bracket [1] and obtained a three-linear
product {, , }

dx

dy
= {H1,H2, x},

where H1,H2 are Hamiltonians. In 1994, Takhtajan [2] developed the geometrical ideas of
Nambu mechanics, and introduced the fundamental identity, an analogue of the Jacobi identity.
This allowed him to establish the connections between the generalized Nambu mechanics and
the theory of n-Lie algebras proposed by Filippov [3].

In recent years, much work has been done in applications of n-Lie algebras. Bagger
and Lambert [4] proposed a field theory model for multiple M2-branes based on metric
n-Lie algebras. They obtained properties of symmetries that arise from the triple product
of an algebra, and then established a supersymmetric theory that is consistent with almost
all symmetries. Focusing on the fundamental identity and the relationship with the
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Nambu–Poisson bracket, Hoet al [5] found new 3-Lie algebras and applications in membrane,
including the Basu–Harvey equation and the Bagger–Lambert model. More applications can
be found in [6–13].

Filippov [3] introduced the concept of n-Lie algebra and classified (n + 1)-dimensional
n-Lie algebras over an algebraically closed field of characteristic zero. The structure of n-Lie
algebras is very different from that of Lie algebras due to the n-ary multilinear operation. For
example, up to isomorphism there is a unique finite-dimensional simple n-Lie algebra for n > 2
over an algebraically closed field of characteristic zero [14], which is the (n + 1)-dimensional
n-Lie algebra with a multiplication table

[e1, . . . , êi , . . . , en+1] = (−1)i+1ei, 1 � i � n + 1

in a basis e1, . . . , en+1, where symbol êi means that ei is omitted in the bracket. So far, the
only known infinite-dimensional simple n-Lie algebras over fields of characteristic p � 0 are
Jacobian algebras and their quotient algebras [15, 16]. Bai and her collaborators [17] showed
that there exist only

[
n
2

]
+1 classes of (n+1)-dimensional simple n-Lie algebras over a complete

field of characteristic 2. They also showed that there are no simple (n + 2)-dimensional n-Lie
algebras.

The purpose of this paper is to classify six-dimensional 4-Lie algebras over an
algebraically closed field of characteristic zero. The organization for the remainder of this
paper is as follows. Section 2 introduces some basic notions. Section 3 is devoted to
properties of (n + 2)-dimensional n-Lie algebras and to the classification of six-dimensional
4-Lie algebras.

2. Fundamental notions

An n-Lie algebra is a vector space A over a field F (char(F ) �= 2) equipped with an n-
multilinear operation [x1, . . . , xn] satisfying

[x1, . . . , xn] = sgn(σ )[xσ(1), . . . , xσ(n)] (2.1)

and

[[x1, . . . , xn], y2, . . . , yn] =
n∑

i=1

[x1, . . . , [xi, y2, . . . , yn], . . . , xn] (2.2)

for any x1, . . . , xn, y2, . . . , yn ∈ A and any permutation σ ∈ Sn. If char(F ) = 2, then identity
(2.1) is replaced by

[x1, . . . , xi, . . . , xj , . . . , xn] = 0

for any x1, . . . , xn ∈ A where xi = xj for some 1 � i < j � n. Identity (2.2) is usually
called the generalized Jacobi identity, or simply the Jacobi identity.

A derivation of an n-Lie algebra A is a linear map D of A into itself satisfying

D([x1, . . . , xn]) =
n∑

i=1

[x1, . . . , D(xi), . . . , xn] (2.3)

for any x1, . . . , xn ∈ A. Let Der(A) be the set of all derivations of A. Then Der(A) is a Lie
subalgebra of the general linear Lie algebra gl(A) and is called the derivation algebra of A.
The map ad(x1, . . . , xn−1): A → A, given by

ad(x1, . . . , xn−1)(xn) = [x1, . . . , xn], for xn ∈ A,

is referred to as a left multiplication defined by elements x1, . . . , xn−1 ∈ A. It follows from
identity (2.2), that ad(x1, . . . , xn−1) is a derivation. The set of all finite linear combinations
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of left multiplications is an ideal of Der(A), which we denote by ad(A). Every derivation in
ad(A) is by definition an inner derivation.

If a subspace B of an n-Lie algebra A satisfying [x1, . . . , xn] ∈ B for any x1, . . . , xn ∈ B,
then B is called a subalgebra of A. Let A1, A2, . . . , An be subalgebras of an n-Lie algebra A.
Denote by [A1, A2, . . . , An] the subspace of A generated by all vectors [x1, . . . , xn], where
xi ∈ Ai for i = 1, 2, . . . , n. The subalgebra A1 = [A,A, . . . , A] is called the derived algebra
of A. If A1 = 0, then A is called an Abelian n-Lie algebra.

Let H be an Abelian subalgebra of n-Lie algebra A. Then H is by definition a Toral
subalgebra of A, if A is a complete H-module, that is

A = ⊕α∈(Hn−1)∗Aα (direct sum as vector spaces),

where

Aα = {x ∈ A|ad(h1, . . . , hn−1)(x) = α(h1, . . . , hn−1)(x),∀ (h1, h2, . . . , hn−1) ∈ Hn−1}.
A Toral subalgebra H is called maximal if there are no Toral subalgebras of A properly

containing H. An ideal I of an n-Lie algebra A is a subspace of A such that [I, A, . . . , A] ⊆ I.

If [I, I, A, . . . , A] = 0, then I is referred to as an Abelian ideal. If A1 �= 0 and A has no ideals
except 0 and itself, then A is by definition a simple n-Lie algebra. An n-Lie algebra A is said
to be decomposable if there are nonzero ideals I1, I2 such that

A = I1 ⊕ I2,

then [I1, I2, A, . . . , A] = 0. Otherwise, we say that A is indecomposable. Clearly if A is a
simple n-Lie algebra then A is indecomposable.

The subset Z(A) = {x ∈ A|[x, y1, . . . , yn−1] = 0,∀y1, . . . , yn−1 ∈ A} is called the
center of A. It is clear that Z(A) is an Abelian ideal of A. An ideal I of an n-Lie algebra A

is called an n-solvable ideal if I satisfying I (r,n) = 0 for some r � 0, where I (0,n) = I and
I (r,n) is defined by induction, I (s+1,n) = [I (s,n), . . . , I (s,n)] for s � 0. The maximal n-solvable
ideal of A is called the n-radical of A. If the only n-solvable ideal of A is zero, then A is by
definition a strong semisimple n-Lie algebra.

Lemma 2.1 [14]. Let A be a finite-dimensional n-Lie algebra over an algebraically closed
field of characteristic zero. Then A has a decomposition A = S ⊕ K , where S is a strong
semisimple subalgebra and K is the n-radical of A.

Lemma 2.2 [18]. Let A be a finite-dimensional n-Lie algebra over an algebraically closed
field of characteristic zero. Then A is strong semisimple if and only if A can be decomposed
into the direct sum of its simple ideals.

3. Classification of six-dimensional 4-Lie algebras

In this section, unless stated otherwise, we suppose that F is an algebraically closed field of
characteristic 0. Any brackets of basis vectors not listed in the multiplication table of n-Lie
algebras are assumed to be zero.

First, we give the classification of (n+1)-dimensional n-Lie algebras over F. It is a simple
refinement of the classification given by Fillipov [3].

Theorem 3.1. Let A be an (n + 1)-dimensional n-Lie algebra over F and e1, e2, . . . , en+1

be a basis of A (n � 3). Then one and only one of the following possibilities holds up to
isomorphism:

(a) If dim A1 = 0, then A is an Abelian n-Lie algebra.
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(b) If dim A1 = 1 and let A1 = Fe1, then in case A1 ⊆ Z(A),

(b1)[e2, . . . , en+1] = e1, (3.1)

in case A1 is not contained in Z(A),

(b2)[e1, . . . , en] = e1. (3.2)

(c) If dim A1 = 2 and let A1 = Fe1 + Fe2, then

(c1)

{
[e1, e3, . . . , en+1] = e2,

[e2, . . . , en+1] = e1,
(c2)

{
[e1, e3, . . . , en+1] = e2,

[e2, . . . , en+1] = e1 + βe2,
(3.3)

where β ∈ F and β �= 0.

(d) If dim A1 = r, 3 � r � n + 1, let A1 = Fe1 + Fe2 + · · · + Fer . Then

(dr)[e1, . . . , êi , . . . , en+1] = ei, 1 � i � r, (3.4)

where symbol êi means that ei is omitted.

Proof. It suffices to prove cases (c1) and (d) since the other cases are proved in [3].

If A is the case (c1)
′{[e2,...,en+1]=αe1,

[e1,e3,...,en+1]=e2,
α ∈ F, α �= 0, then substituting en+1√

α
and e2√

α
for en+1

and e2, respectively, we get (c1).
If dim A1 = r, 3 � r � n + 1, then from [3] only one of the following cases holds up to

isomorphism:

(dr)
′[e1, . . . , êi , . . . , en+1] = βiei, βi ∈ F, βi �= 0, 1 � i � r.

If r � n, substituting
√

βiei for ei, 1 � i � r , and substituting en+1√
β1···βr

for en+1, we
get (dr).

If r = n + 1, then table (dn+1)
′ can be reduced to

(dn+1)
′′[e1, . . . , êi , . . . , en+1] = αei, 1 � i � n + 1

by substituting
√

βiei for ei, i = 1, . . . , n + 1, where α = √
β1 . . . βn+1 �= 0. Again replacing

ei by
(

1
α

) 1
n−1 ei , we get (dn+1). �

Lemma 3.1 [19]. Let A be an (n + 2)-dimensional n-Lie algebra over an algebraically closed
field. Then there exists a subalgebra of A with codimension 1.

Lemma 3.2. Let A be an (n + 2)-dimensional n-Lie algebra over F. Then we have
dim A1 � n + 1.

Proof. From lemma 2.1, A has a decomposition as follows:

A = S ⊕ K,

where S is zero or a strong semisimple n-Lie algebra, K is the n-radical of A. If S = 0, then
A = K is an n-solvable n-Lie algebra. Therefore, A1 = [A, . . . , A] = [K, . . . , K] is a proper
subalgebra of A. The result holds.

If S �= 0, then the dimension of S is equal to m(n + 1) by lemma 2.2, where m is a positive
integer. Since dim A = n + 2, dim S = n + 1 and dim K = 1. Hence K is a one-dimensional
S-module and [K, S, . . . , S] = 0. Therefore

A1 = [A, . . . , A] = [S,A, . . . , A] + [K,A, . . . , A] = [S, . . . , S] = S,

so A1 is a proper subalgebra of A. �
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Lemma 3.3. Let A be a non-Abelian (n+ 2)-dimensional n-Lie algebra over F. If dim A1 �= 3,
then there exists a non-Abelian subalgebra of codimension 1 containing A1.

Proof. If dim A1 � 2, then the result holds by [17]. When dim A1 = r > 3, from
lemma 3.2 we have r � n + 1. We suppose that A does not contain a non-Abelian subalgebra
with codimension 1 containing A1. Set A1 = Fe1 + · · · + Fer . Then the multiplication table
of A in the basis e1, . . . , er , . . . , en+2 is as follows:[
ei1 , ei2 , . . . , eir−2 , er+1, . . . , en+2

] = b1
i1,...,ir−2

e1 + · · · + br
i1,...,ir−2

er , 1 � i1, . . . , ir−2 � r,

and the rank of the matrix

B =

⎛
⎜⎜⎜⎜⎝

b1
1,2,...,(r−2) b2

1,2,...,(r−2) . . . br
1,2,...,(r−2)

b1
1,3,...,(r−1) b2

1,3,...,(r−1) . . . br
1,3,...,(r−1)

...
...

...
...

b1
3,...,r b2

3,...,r . . . br
3,...,r

⎞
⎟⎟⎟⎟⎠

is equal to r, where b
j

i1,...,ir−2
∈ F for 1 � i1, . . . , ir−2, j � r .

Therefore, we get an (r−2)-Lie algebra A0 with (n−2)-ary operation [, . . . , ]0 as follows:

[x1, . . . , xr−2]0 = [x1, . . . , xr−2, er+1, . . . , en+2], x1, . . . , xr−2 ∈ A0, (3.5)

where A0 = A as vector spaces. It is trivial that the center Z(A0) = Fer+1 + · · · + Fen+2. By
lemma 2.1 and (3.5), A0 has a decomposition A0 = S ⊕ Z(A0), where S = A1

0 is a strong
semisimple (r − 2)-Lie algebra and dim S = r. This contradicts lemma 3.2. Therefore, the
result is true. �

Theorem 3.2. Let A be a six-dimensional 4-Lie algebra over F with a basis e1, . . . , e6. Then
one and only one of the following possibilities holds up to isomorphism:

(a) If dim A1 = 0, A is Abelian.
(b) If dim A1 = 1 and A1 = Fe1, then

(b1)[e2, e3, e4, e5] = e1, (b
2)[e1, e2, e3, e4] = e1.

(c) If dim A1 = 2 and A1 = Fe1 + Fe2, then

(c1)

{
[e2, e3, e4, e5] = e1

[e1, e3, e4, e5] = e2,
(c2)

⎧⎪⎪⎨
⎪⎪⎩

[e1, e3, e4, e5] = e2,

[e2, e3, e4, e5] = e1,

[e1, e4, e5, e6] = e1,

[e2, e4, e5, e6] = e2,

(c3)

{
[e2, e3, e4, e5] = e1 + βe2,

[e1, e3, e4, e5] = e2,
(c4)

⎧⎨
⎩

[e2, e3, e4, e5] = e1 + βe2,

[e1, e3, e4, e5] = e2,

[e3, e4, e5, e6] = e1,

(c5)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1 + βe2,

[e1, e3, e4, e5] = e2,

[e2, e4, e5, e6] = e2,

[e1, e4, e5, e6] = e1,

(c6)

{
[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = e2,

(c7)

⎧⎨
⎩

[e2, e3, e4, e5] = e1,

[e1, e4, e5, e6] = e1,

[e2, e4, e5, e6] = e2,

where β ∈ F, and β �= 0.
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(d) If dim A1 = 3, let A1 = Fe1 + Fe2 + Fe3. Then

(d1)

⎧⎨
⎩

[e1, e4, e5, e6] = e1 + αe2,

[e2, e4, e5, e6] = e2,

[e3, e4, e5, e6] = βe3,

(d2)

⎧⎨
⎩

[e1, e4, e5, e6] = e1,

[e2, e4, e5, e6] = αe2,

[e3, e4, e5, e6] = βe3,

(d3)

⎧⎨
⎩

[e1, e4, e5, e6] = e1 + αe2,

[e2, e4, e5, e6] = e2 + αe3,

[e3, e4, e5, e6] = e3,

(d4)

⎧⎨
⎩

[e2, e3, e4, e5] = e1,

[e2, e4, e5, e6] = −e2,

[e3, e4, e5, e6] = e3,

(d5)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = e3 + αe2,

[e2, e4, e5, e6] = e3,

[e1, e4, e5, e6] = e1,

(d6)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = e3,

[e2, e4, e5, e6] = γ e2,

[e1, e4, e5, e6] = (γ + 1)e1

(d7)

⎧⎨
⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3,

where α, β, γ ∈ F, αβγ �= 0 and γ �= −1.

(e) If dim A1 = 4, let A1 = Fe1 + Fe2 + Fe3 + Fe4. Then

(e1)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3,

[e1, e2, e3, e5] = e4,

(e2)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = e2,

[e2, e4, e5, e6] = e3,

[e2, e3, e5, e6] = e4.

(f) If dim A1 = 5, let A1 = Fe1 + Fe2 + Fe3 + Fe4 + Fe5. Then

(f 1)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3,

[e1, e2, e3, e5] = e4,

[e1, e2, e3, e4] = e5,

(f 2)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = e2,

[e2, e4, e5, e6] = e3,

[e2, e3, e5, e6] = e4,

[e2, e3, e4, e6] = e5.

Proof. (1) Case (a) is trivial.
(2) Case (b). Suppose A1 = Fe1. Then from lemma 3.3 and theorem 3.1, the

multiplication table of A in the basis e1, . . . , e6 has the following possibilities:

(1)

{
[e2, e3, e4, e5] = e1,

[e1, . . . , êi , . . . , êj , . . . , e6] = bij e1, bij ∈ F, 1 � i < j � 5,

(2)

{
[e1, e2, e3, e4] = e1,

[e1, . . . , êi , . . . , êj , . . . , e6] = bij e1, bij ∈ F, 1 � i < j � 5.

Substituting e1 = [e2, . . . , en+1] into other equations of (1) and applying Jacobi identities for
{e1, . . . , êi , . . . , êj , . . . , e6}, 1 < i < j � 5 we get

bij e1 = [[e2, e3, e4, e5], . . . , êi , . . . , êj , . . . , e6] = 0.

6
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It follows that bij = 0 for 1 < i < j � 5. Then table (1) is in the form of

(1)′

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e2, e4, e5, e6] = b13e1,

[e2, e3, e5, e6] = b14e1,

[e2, e3, e4, e6] = b15e1,

[e3, e4, e5, e6] = b12e1.

If substituting e6 − b15e5 + b14e4 − b13e3 + b12e2 for e6 in (1)′, then we get

(b1) [e2, e3, e4, e5] = e1.

Table (2) can be reduced to

(2)′

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e1, e2, e3, e4] = e1,

[e1, e2, e5, e6] = b34e1,

[e1, e3, e5, e6] = b24e1,

[e1, e4, e5, e6] = b23e1,

[e2, e3, e5, e6] = b14e1,

[e2, e4, e5, e6] = b13e1,

[e3, e4, e5, e6] = b12e1,

by substituting e6 + b15e1 − b25e2 + b35e3 − b45e4 for e6 in table (2).
Applying the Jacobi identities for quadruple {b1j e1, e2, e3, e4}, j = 2, 3, 4, we obtain

b12 = b13 = b14 = 0. Furthermore, since

0 = [[e2, e3, e4, e6], e1, e4, e5] = b23e1, 0 = [[e2, e3, e4, e6], e1, e3, e5] = b24e1,

0 = [[e2, e3, e4, e6], e1, e2, e5] = b34e1,

we get that table (2) is isomorphic to (b2). And by theorem 3.1, (b1) is not isomorphic
to (b2).

(3) If dim A1 = 2, let A1 = Fe1 + Fe2. Then the multiplication table of A in the basis
e1, . . . , e6 has the following possibilities:

(1)

⎧⎨
⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑2
k=1 bk

ij ek,

(2)

⎧⎨
⎩

[e2, e3, e4, e5] = e1 + βe2,

[e1, e3, e4, e5] = e2,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑2
k=1 bk

ij ek,

(3)

{
[e2, e3, e4, e5] = e1,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑2
k=1 bk

ij ek,

(4)

{
[e1, e2, e3, e4] = e1,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑2
k=1 bk

ij ek,

where β, bk
ij ∈ F, β �= 0, 1 � i < j � 5.

7
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First, we impose Jacobi identities on table (1) for quadruple {e2, e4, e5, e6} and {e1, e2,

e5, e6} and substitute e6 +
∑5

j=2(−1)j b1
1j ej + b2

12e1 for e6. Table (1) is reduced to

(1)′

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e2, e4, e5, e6] = b2
13e2,

[e2, e3, e5, e6] = b2
14e2,

[e2, e3, e4, e6] = b2
15e2,

[e1, e4, e5, e6] = b2
13e1,

[e1, e3, e5, e6] = b2
14e1,

[e1, e3, e4, e6] = b2
15e1.

If b2
13 = b2

14 = b2
15 = 0, then (1) is isomorphic to (c1)

{[e2,e3,e4,e5]=e1,

[e1,e3,e4,e5]=e2.

If there exists j (3 � j � 5) such that b2
1j �= 0, then we may as well suppose b2

13 �= 0.

After substituting e3 +
∑5

j=4(−1)j+1 b2
1j

b2
13

ej and 1
b2

13
e6 for e3 and e6, table (1) is isomorphic to

(c2)

⎧⎪⎪⎨
⎪⎪⎩

[e1, e3, e4, e5] = e2,

[e2, e3, e4, e5] = e1,

[e1, e4, e5, e6] = e1,

[e2, e4, e5, e6] = e2.

Second, if we apply the Jacobi identities to table (2) and substitute e6 + b2
12e1 +∑5

j=3(−1)j b2
2j ej for e6, then (2) is reduced to

(2)′

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1 + βe2,

[e1, e3, e4, e5] = e2,

[e3, e4, e5, e6] = b1
12e1,

[e2, e4, e5, e6] = b1
23e2,

[e2, e3, e5, e6] = b1
24e2,

[e2, e3, e4, e6] = b1
25e2,

[e1, e4, e5, e6] = b1
23e1,

[e1, e3, e5, e6] = b1
24e1,

[e1, e3, e4, e6] = b1
25e1,

β ∈ F, β �= 0.

If b1
12 = b1

23 = b1
24 = b1

25 = 0, then (2)′ is in the form of

(c3)

{
[e2, e3, e4, e5] = e1 + βe2,

[e1, e3, e4, e5] = e2,
β ∈ F, β �= 0.

If b1
12 = 0 (the discussion for b1

12 �= 0 is similar) and there exists k � 3 such that b1
2k �= 0,

say b1
23 �= 0, then by substituting e3 +

∑5
j=4(−1)j+1 b1

2j

b1
23

ej − b1
12

b1
23

e1 and 1
b1

23
e6 for e3 and e6 in

(2)′, table (2) is isomorphic to

(c5)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1 + βe2,

[e1, e3, e4, e5] = e2,

[e2, e4, e5, e6] = e2,

[e1, e4, e5, e6] = e1,

β ∈ F, β �= 0.

8
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When b1
12 �= 0, and b1

23 = b1
24 = b1

25 = 0, then replacing e6 by 1
b1

12
e6 in (2)′, we get

(c4)

⎧⎨
⎩

[e2, e3, e4, e5] = e1 + βe2,

[e1, e3, e4, e5] = e2,

[e3, e4, e5, e6] = e1,

β ∈ F, β �= 0.

Third, by a similar discussion to that for table (2) and using suitable linear transformations
for basis vectors, we get that table (3) is isomorphic to (c6) or (c7).

Lastly we discuss table (4). If we replace e6 by e6 +
∑4

j=1(−1)j+1b1
j5ej , then (4) is

reduced to

(4)′

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e1, e2, e3, e4] = e1,

[e3, e4, e5, e6] = b1
12e1 + b2

12e2,

[e2, e4, e5, e6] = b1
13e1 + b2

13e2,

[e2, e3, e5, e6] = b1
14e1 + b2

14e2,

[e2, e3, e4, e6] = b2
15e2,

[e1, e4, e5, e6] = b1
23e1 + b2

23e2,

[e1, e3, e5, e6] = b1
24e1 + b2

24e2,

[e1, e3, e4, e6] = b2
25e2,

[e1, e2, e5, e6] = b1
34e1 + b2

34e2,

[e1, e2, e4, e6] = b2
35e2,

[e1, e2, e3, e6] = b2
45e2.

By substituting e1 = [e1, e2, e3, e4] into the other equations of (4)′ and imposing the Jacobi
identities, we get

(4)′′

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e1, e2, e3, e4] = e1,

[e3, e4, e5, e6] = b1
12e1,

[e2, e4, e5, e6] = b1
13e1,

[e2, e3, e5, e6] = b1
14e1,

[e1, e4, e5, e6] = b1
23e1,

[e1, e3, e5, e6] = b1
24e1,

[e1, e2, e5, e6] = b1
34e1.

It follows that dim A1 = 1. This contradicts dim A1 = 2. Therefore table (4) is not realized.
Now we need to prove that cases (ci), i = 1, . . . , 7, represent distinct classes. It is trivial

that case (ci) is not isomorphic to case (cj ) for i = 1, 3, 6 and j = 2, 4, 5, 7. From theorem
3.1 the table (c1) is not isomorphic to (c3). And also (c1) and (c3) are not isomorphic to (c6)

since (c6) is indecomposable. Comparing the dimensions of maximal Toral subalgebras and
the dimensions of derivation algebras of cases (c2), (c4), (c5) and (c7), we get that (cj ) is not
isomorphic to (cj ′

) when j �= j ′.
(4) If dim A1 = 3, let A1 = Fe1 + Fe2 + Fe3. Then when there does not exist a five-

dimensional non-Abelian subalgebra of A containing A1, the multiplication table of A in a
basis e1, . . . , e6 has the following possibilities:⎧⎪⎨

⎪⎩
[e3, e4, e5, e6] = b1

12e1 + b2
12e2 + b3

12e3,

[e2, e4, e5, e6] = b1
13e1 + b2

13e2 + b3
13e3,

[e1, e4, e5, e6] = b1
23e1 + b2

23e2 + b3
23e3,

9
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where the rank of the matrix

M =

⎛
⎜⎝

b1
12 b2

12 b3
12

b1
13 b2

13 b3
13

b1
23 b2

23 b3
23

⎞
⎟⎠

is equal to 3.
It is easily proved that two such 4-Lie algebras determined by matrices M and M1 are

isomorphic if and only if there exists a nonsingular (3 × 3) matrix T and a nonzero element
α ∈ F such that M = αT M1T

−1. Therefore, we get that one and only one of the following
possibilities holds up to isomorphism:

(d1)

⎧⎨
⎩

[e1, e4, e5, e6] = e1 + αe2,

[e2, e4, e5, e6] = e2,

[e3, e4, e5, e6] = βe3,

(d2)

⎧⎨
⎩

[e1, e4, e5, e6] = e1,

[e2, e4, e5, e6] = αe2,

[e3, e4, e5, e6] = βe3,

(d3)

⎧⎨
⎩

[e1, e4, e5, e6] = e1 + αe2,

[e2, e4, e5, e6] = e2 + αe3,

[e3, e4, e5, e6] = e3,

where α, β ∈ F and αβ �= 0.

When there exists a five-dimensional non-Abelian subalgebra B containing A1, we may
as well suppose B = Fe1 + Fe2 + Fe3 + Fe4 + Fe5. Then the multiplication table in the basis
e1, . . . , e6 of A has only the following possibilities:

(1)

{
[e2, e3, e4, e5] = e1,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑3
k=1 bk

ij ek,

(2)

{
[e1, e2, e3, e4] = e1,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑3
k=1 bk

ij ek,

(3)

⎧⎨
⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑3
k=1 bk

ij ek,

(4)

⎧⎨
⎩

[e2, e3, e4, e5] = e1 + βe2,

[e1, e3, e4, e5] = e2,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑3
k=1 bk

ij ek,

(5)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑3
k=1 bk

ij ek,

where bk
ij ∈ F, 1 � i < j � 5.
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First, by imposing Jacobi identities on table (1) for {e1, e4, e5, e6}, {e1, e3, e5, e6},
{e1, e3, e4, e6}, {e1, e2, e5, e6}, {e1, e2, e4, e6}, {e1, e2, e3, e6}, and substituting e6 + b1

12e2 −
b1

13e3 + b1
14e4 − b1

15e5 for e6, we get

(1)′

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = b2
12e2 + b3

12e3,

[e2, e4, e5, e6] = b2
13e2 + b3

13e3,

[e2, e3, e5, e6] = b2
14e2 + b3

14e3,

[e2, e3, e4, e6] = b2
15e2 + b3

15e3,

[e1, e4, e5, e6] = (
b2

13 + b3
12

)
e1,

[e1, e3, e5, e6] = b2
14e1,

[e1, e3, e4, e6] = b2
15e1,

[e1, e2, e5, e6] = −b3
14e1,

[e1, e2, e4, e6] = −b3
15e1,

where

det

(
b2

12 b3
12

b2
14 b3

14

)
= 0, det

(
b2

12 b3
12

b2
15 b3

15

)
= 0, det

(
b2

14 b3
14

b2
15 b3

15

)
= 0,

det

(
b2

13 b3
13

b2
14 b3

14

)
= 0 and det

(
b2

13 b3
13

b2
15 b3

15

)
= 0.

Since dim A1 = 3, we have

b2
14 = b3

14 = b2
15 = b3

15 = 0, det

(
b2

12 b3
12

b2
13 b3

13

)
�= 0.

If b3
12 = b2

13 = 0, replacing e6 by 1
b2

12
e6 in (1)′, we get

(1)′′

⎧⎨
⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = e2,

[e2, e4, e5, e6] = αe3,

α ∈ F, α �= 0.

Again replacing e2, e3, e6 and e1 by e2−√
αe3, e2+

√
αe3,

1√
α
e6 and 2

√
αe1 in (1)′′ respectively,

we get that table (1) is isomorphic to

(d4)

⎧⎨
⎩

[e2, e3, e4, e5] = e1,

[e2, e4, e5, e6] = −e2,

[e3, e4, e5, e6] = e3.

If b3
12 = 0, b2

13 �= 0, we get that (1) is isomorphic to

(d5)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = e3 + αe2,

[e2, e4, e5, e6] = e3,

[e1, e4, e5, e6] = e1,

α ∈ F, α �= 0.

by substituting b2
12

b2
13

e3 + b2
12

b3
13

e2, 1
b2

13
e6, b2

12

b3
13

e2 and (b2
12)

2

b2
13b

3
13

e1 for e3, e6, e2 and e1 in (1)′.

11
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In case b2
12 = b3

13 = 0, substituting 1
b3

12
e6 for e6 in (1)′, we get

(d6)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = e3,

[e2, e4, e5, e6] = γ e2,

[e1, e4, e5, e6] = (γ + 1)e1,

γ ∈ F, γ �= 0, γ = −1.

Similarly, in case b2
12 = 0 and b3

13 �= 0, (1)′ is isomorphic to case (d4) or (d5).
Second, we analyze table (2). If we impose the Jacobi identities on (2), and substitute

e6 + b1
15e1 − b1

25e2 − b1
45e4 + b1

35e3 for e6, then table (2) is reduced to

(2)′

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e1, e2, e3, e4] = e1,

[e3, e4, e5, e6] = b1
12e1 + b2

12e2 + b3
12e3,

[e2, e4, e5, e6] = b1
13e1 + b2

13e2 + b3
13e3,

[e2, e3, e5, e6] = b1
14e1,

[e1, e4, e5, e6] = b1
23e1,

[e1, e3, e5, e6] = b1
24e1,

[e1, e2, e5, e6] = b1
34e1,

where b2
13 + b3

12 = 0, � = det
(
b2

12 b3
12

b2
13 b3

13

) �= 0. And⎧⎪⎪⎨
⎪⎪⎩

e2 = [b3
13e3 − b3

12e2, e4, e5, e6] + (b3
12b

1
13 − b3

13b
1
12)e1

�
,

e3 = [b2
12e2 − b2

13e3, e4, e5, e6] + (b1
12b

2
13 − b2

12b
1
13)e1

�
,

[e2, e1, e3, e4] =
[[

b3
13e3 − b3

12e2, e4, e5, e6
]

+
(
b3

12b
1
13 − b3

13b
1
12

)
e1, e1, e3, e4

]
�

=
[
b3

12e1, e4, e5, e6
]

�
= b3

12b
1
23

�
e1 = −e1,

[e3, e1, e2, e4] =
[[

b2
12e2 − b2

13e3, e4, e5, e6
]

+
(
b1

12b
2
13 − b2

12b
1
13

)
e1, e1, e2, e4

]
�

=
[−b2

13e1, e4, e5, e6
]

�
= −b2

13b
1
23

�
e1 = e1.

It follows that � = −b2
13b

1
23 = −b3

12b
1
23. Thanks to b2

13 +b3
12 = 0, we get b2

13 = 0 and b1
23 = 0.

This contradicts � �= 0. Therefore case (2) is not realized.
In similar discussions to case (2), we find that cases (3) and (4) are also not realized.
Now we study table (5). Imposing the Jacobi identities on (5) and substituting

e6 + b2
12e1 + b1

12e2 − b1
13e3 + b1

14e4 − b1
15e5 for e6, we get

(5)′

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3,

[e2, e3, e5, e6] = b2
14e2,

[e2, e3, e4, e6] = b2
15e2,

[e1, e3, e5, e6] = b2
14e1,

[e1, e3, e4, e6] = b2
15e1.

12
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Again from

−b2
14e2 = [e3, e2, e5, e6] = [[e1, e2, e4, e5], e2, e5, e6] = 0,

−b2
15e2 = [e3, e2, e4, e6] = [[e1, e2, e4, e5], e2, e4, e6] = 0,

we have b2
14 = b2

15 = 0. Therefore (5) is isomorphic to

(d7)

⎧⎨
⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3.

It is trivial that cases (d1), . . . , (d7) represent distinct classes.
(5) If dim A1 = 4, let A1 = Fe1 + Fe2 + Fe3 + Fe4. Then the multiplication table of A

in a basis e1, . . . , e6 has only the following possibilities

(1)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3,

[e1, e2, e3, e5] = e4,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑4
k=1 bk

ij ek,

(2)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑4
k=1 bk

ij ek,

(3)

⎧⎨
⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑4
k=1 bk

ij ek,

(4)

⎧⎨
⎩

[e2, e3, e4, e5] = e1 + βe2,

[e1, e3, e4, e5] = e2,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑4
k=1 bk

ij ek,

(5)

{
[e1, e2, e3, e4] = e1,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑4
k=1 bk

ij ek,

(6)

{
[e2, e3, e4, e5] = e1,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑4
k=1 bk

ij ek,

where bk
ij ∈ F, 1 � i < j � 5.

First, imposing the Jacobi identities on table (1) for {e3, e4, e5, e6}, {e2, e4, e5, e6},
{e2, e3, e5, e6}, {e2, e4, e5, e6}, {e1, e3, e5, e6}, {e1, e4, e5, e6}, {e1, e3, e4, e6}, {e1, e2, e5, e6},
{e1, e2, e4, e6}, {e1, e2, e3, e6} and substituting e6 + b2

12e1 + b1
12e2 − b1

13e3 + b1
14e4 − b1

15e5 for
e6, we find that (1) is isomorphic to

(e1)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3,

[e1, e2, e3, e5] = e4.

13
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If we impose Jacobi identities on tables (2)–(5) respectively, then we get dim A1 < 4.

This contradicts dim A = 4. Therefore cases (2)–(5) are not realized.
Finally, we study table (6). Imposing the Jacobi identities on table (6) for {e1, e4, e5, e6},

{e1, e3, e5, e6}, {e1, e3, e4, e6}, {e1, e2, e5, e6}, {e1, e2, e4, e6}, {e1, e2, e3, e6} and substituting
e6 + b1

12e2 − b1
13e3 + b1

14e4 − b1
15e5 for e6, we get

(6)′

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = b2
12e2 + b3

12e3 + b4
12e4,

[e2, e4, e5, e6] = b2
13e2 + b3

13e3 + b4
13e4,

[e2, e3, e5, e6] = b2
14e2 + b3

14e3 + b4
14e4,

[e2, e3, e4, e6] = b2
15e2 + b3

15e3 + b4
15e4,

[e1, e4, e5, e6] = (
b2

13 + b3
12

)
e1,

[e1, e3, e5, e6] = (
b2

14 − b4
12

)
e1,

[e1, e3, e4, e6] = b2
15e1,

[e1, e2, e5, e6] = (−b3
14 − b4

13

)
e1,

[e1, e2, e4, e6] = −b3
15e1,

[e1, e2, e3, e6] = b4
15e1,

and b2
12b

3
15 = b3

12b
2
15, b

2
13b

3
15 = b3

13b
2
15, b

2
14b

4
15 = b4

14b
2
15, b2

12b
4
15 = b4

12b
2
15, b

3
13b

4
15 = b3

15b
4
13,

b3
14b

4
15 = b3

15b
4
14. Since

dim A1 = 4, det

⎛
⎜⎝

b2
12 b3

12 b4
12

b2
13 b3

13 b4
13

b2
14 b3

14 b4
14

⎞
⎟⎠ �= 0

and b2
15 = b3

15 = b4
15 = 0. Therefore (6)′ is reduced to

(6)′′

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = b2
12e2 + b3

12e3 + b4
12e4,

[e2, e4, e5, e6] = b2
13e2 + b3

13e3 + b4
13e4,

[e2, e3, e5, e6] = b2
14e2 + b3

14e3 + b4
14e4,

[e1, e4, e5, e6] = (
b2

13 + b3
12

)
e1,

[e1, e3, e5, e6] = (
b2

14 − b4
12

)
e1,

[e1, e2, e5, e6] = (−b3
14 − b4

13

)
e1.

Fix e5 and e6 in the operation of A and endow with a Lie operation

[x, y]0 = [x, y, e5, e6], x, y ∈ A

on the vector space A0 = A. Then A0 is a Lie algebra. And the multiplication table of A0 in
the basis e1, . . . , e6 is as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e3, e4]0 = b2
12e2 + b3

12e3 + b4
12e4,

[e2, e4]0 = b2
13e2 + b3

13e3 + b4
13e4,

[e2, e3]0 = b2
14e2 + b3

14e3 + b4
14e4,

[e1, e4]0 = (
b2

13 + b3
12

)
e1,

[e1, e3]0 = (
b2

14 − b4
12

)
e1,

[e1, e2]0 = (−b3
14 − b4

13

)
e1.

14
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Therefore, C = Fe2 + Fe3 + Fe4 is a simple subalgebra of A0 and Fe1 is a one-dimensional
ideal of A0. It follows that [e1, e4]0 = [e1, e3]0 = [e1, e2]0 = 0. Therefore, (6)′′ has a reduced
form

(6)′′′

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = b2
12e2 + b3

12e3 + b4
12e4,

[e2, e4, e5, e6] = b2
13e2 + b3

13e3 + b4
13e4,

[e2, e3, e5, e6] = b2
14, e2 + b3

14e3 + b4
14e4,

and det

⎛
⎜⎜⎝

b2
12 b3

12 b4
12

b2
13 b3

13 b4
13

b2
14 b3

14 b4
14

⎞
⎟⎟⎠ �= 0.

Now fixing e6 in the operation of A, we get a 3-Lie algebra A1 ( A1 = A as vector spaces)
with the 3-ary operation

[x, y, z]1 = [x, y, z, e6], x, y, z ∈ A1.

From table (6)′′′, F e1 + Fe6 is the center of A1, and D = Fe2 + Fe3 + Fe4 + Fe5 is a
four-dimensional subalgebra of A1 with dim D1 = 3. By theorem 3.1, (6) is isomorphic to

(e2)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = e2,

[e2, e4, e5, e6] = e3,

[e2, e3, e5, e6] = e4.

It is trivial that (e1) is not isomorphic to (e2).
(6) If dim A1 = 5, let A1 = Fe1 + Fe2 + Fe3 + Fe4 + Fe5. Then the multiplication table

of A in the basis e1, . . . , e6 has only the following possibilities:

(1)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3,

[e1, e2, e3, e5] = e4,

[e1, e2, e3, e4] = e5,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑5
k=1 bk

ij ek,

(2)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3,

[e1, e2, e3, e5] = e4,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑5
k=1 bk

ij ek,

(3)

⎧⎪⎪⎨
⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑5
k=1 bk

ij ek,

(4)

⎧⎨
⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑5
k=1 bk

ij ek,

(5)

⎧⎨
⎩

[e2, e3, e4, e5] = e1 + βe2,

[e1, e3, e4, e5] = e2,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑5
k=1 bk

ij ek,
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(6)

{
[e1, e2, e3, e4] = e1,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑5
k=1 bk

ij ek,

(7)

{
[e2, e3, e4, e5] = e1,

[e1, . . . , êi , . . . , êj , . . . , e6] = ∑5
k=1 bk

ij ek,

where bk
ij ∈ F, 1 � i < j � 5.

By a similar discussion to that of case dim A1 = 4, we find that table (1) is isomorphic to

(f 1)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e1, e3, e4, e5] = e2,

[e1, e2, e4, e5] = e3,

[e1, e2, e3, e5] = e4,

[e1, e2, e3, e4] = e5.

And cases (2)–(6) are not realized.
Now we analyze table (7). If we impose the Jacobi identities on (7) for

{e1, e4, e5, e6}, {e1, e3, e5, e6}, {e1, e3, e4, e6}, {e1, e2, e5, e6}, {e1, e2, e4, e6}, {e1, e2, e3, e6}
and substitute e6 + b1

12e2 − b1
13e3 + b1

14e4 − b1
15e5 for e6, then (7) is reduced to

(7)′

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = b2
12e2 + b3

12e3 + b4
12e4 + b5

12e5,

[e2, e4, e5, e6] = b2
13e2 + b3

13e3 + b4
13e4 + b5

13e5,

[e2, e3, e5, e6] = b2
14e2 + b3

14e3 + b4
14e4 + b5

14e5,

[e2, e3, e4, e6] = b2
15e2 + b3

15e3 + b4
15e4 + b5

15e5,

[e1, e4, e5, e6] = (
b3

12 + b2
13

)
e1,

[e1, e3, e5, e6] = (
b2

14 − b4
12

)
e1,

[e1, e3, e4, e6] = (
b5

12 + b2
15

)
e1,

[e1, e2, e5, e6] = (−b3
14 − b4

13

)
e1,

[e1, e2, e4, e6] = (
b5

13 − b3
15

)
e1,

[e1, e2, e3, e6] = (
b5

14 + b4
15

)
e1.

Since

dim A1 = 5, � = det

⎛
⎜⎜⎜⎜⎝

b2
12 b3

12 b4
12 b5

12

b2
13 b3

13 b4
13 b5

13

b2
14 b3

14 b4
14 b5

14

b2
15 b3

15 b4
15 b5

15

⎞
⎟⎟⎟⎟⎠ �= 0.

Fixing e6 in the operation of A, we get a six-dimensional 3-Lie algebra A1 (A1 = A as
vector spaces) with a 3-ary operation as follows:

[x, y, z]1 = [x, y, z, e6], x, y, z ∈ A1.

From (7)′ and � �= 0, we have A1 = E ⊕ Z(A1), where E = Fe2 + Fe3 + Fe4 + Fe5 is
a four-dimensional subalgebra of A1, dim E1 = 4 and Z(A1) = Fe1 + Fe6. Then we can

16



J. Phys. A: Math. Theor. 42 (2009) 035207 R Bai and G Song

choose a suitable basis of E, which is still denoted by e2, e3, e4, e5, and a suitable vector e1

such that (7) can be reduced to the form

(f 2)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[e2, e3, e4, e5] = e1,

[e3, e4, e5, e6] = e2,

[e2, e4, e5, e6] = e3,

[e2, e3, e5, e6] = e4,

[e2, e3, e4, e6] = e5.

It is trivial that (f 1) is not isomorphic to (f 2). �
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